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SOME FINITELY PRESENTED CROUPS OF COHOMO-
LOGICAL DIMENSION TWO WITH PROPERTY (FA)
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In Problem C3 of [6], it is asked whether every finitely generated group of
cohomological dimension two splits over a free group. In [1] it is remarked that the
answer to this problem is ‘no’ in general: a group S constructed by Ol’sanskii in [4]
provides an example showing this. Ai the Geometric Topology Conference,
University of Sussex, 1982, M.J. Dunwoody asked about the status of the above
problem for finitely presented groups (S is not finitely presented). It is showrn here
that the answer is ‘no’ in this case also.

In fact, a stronger 1esult is obtained. Recall [5] that a group G is said to have
property (FA) if, whenever G acts (without inversions) on a tree there is at least one
fixed point. For finitely generated groups this is equivalent [S, Chapter 1, Theorem
15] to the following two conditions: G has no infinite cyclic quotient; G is not an
amalgam. I give here examples of finitely presented groups of cohomological
dimension two which have property (FA). It should be remarked that the group S
above has property (FA).

Let G be generated by two elements x, y subjec: to six defining relators of the
following form:

R (x, y)=xy%xy® - xy™,
Ry(x, ) = yxPyxt .. ybh,
Ryx, y) =xNy dixry=or... xriy=di,
Ry(x, y)=xy™PyPixy PxyPs oo xy~PrxyP,
Rs(x, y)=yx~ 0 yx®yx™Pyx ... yx~ Uyxh,
Re(x, )= ()™M Oy Ym0y ™oy e (o)™ oy ™.

Here all the integers a;, 8, ¥, 9;» Pi» 4;, M;, 1; are positive. It will be shown shortly
that G has propeity (FA).

Now if p is a positive integer, then for a suitable choice of k and the ¢;, g; etc.,
the symmetrized closure of {R,,R,,...,R¢} can be made to satisfy the small
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cancellation condition C(p). Moreover, one can arrange that no R; is a proper
power. Then if p=6, it follows from [1-3] (and the fact that G is not free) that the
cohomological dimension of G is two.

To see that G has property (FA), first note that G has no infinite cyclic quotient,
for in the abelianization of G, x and y have finite order (by R4 and Rs).

Secondly, G is not an amalgam. For suppose G=A_, *- A; with C+A4,,. Each
element g€ G can be writen in normal form #,¢, -+ ¢, where the #; come alternately
from the factors A,;, and no ¢; belongs to C unless r=1. We write |g|=r.

Now we may assume without loss of generality that no pair (&, v) conjugate to
(x, ) has |u|+|v|<|x|+|y|. Then taking a suitable conjugate of (x, y) and inter-
changing x and y, if necessary, we may write

X=X1X3 " Xy, y:—_z{_l --.zl—!yl Va2t gy ([20’ n>0)

in normal form. Here: m=<n; if m>1, then x,x;¢C (that is, x is cyclically
reduced); if n> ', then y,y, ¢ C; if /#0, then x,, x,, belong to the same factor and
7, does r:ot belong to this factor.

By considering the normal form of Rg(x, y) one easily deduces that /=0.
Moreover, n>1, for if m=n=1, then X, y; could not belong to the same factor
(since sgp{x, ¥y} =G), and so Ry(x, y)#1.

If m>1, then by considering R,(x, y) it is easily deduced that one of x,,y,, y,x;
belongs to C. Thus x,,,y,j’, y,"x, & C, so Ry(x, y)#1, a contradiction. Hence m=1.

Now by minimality, not all of x, y,, y, can belong to the same factor. By con-
sidering the normal form of R|(x, ») one deduces that y,,y, must belong to
different factors, and one of y,x, ¢y, - say the formcs - belongs to C. But then
VaXV, "¢ C, s0 Ry(x, y)#1.
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